We have performed ab initio numerical simulations of the time-dependent Schrödinger equation of the hydrogen molecular ion interacting with one or two (time-delayed) ultrashort laser pulses. Dissociation of the molecular ion is analysed in view of an asymmetry in the electron localization on the two protons. The results show that the asymmetry is most effectively induced by the external field as the dissociating nuclei reach a critical internuclear distance, at which the interatomic barrier inhibits an oscillation of the electron between the nuclei. Different schemes, proposed previously to control the electron dynamics and its localization in the molecular bond, are compared in view of the present results.
Introduction
Ultrashort flashes of light generated by intense laser sources are an important tool to observe and control electronic and nuclear motion in atoms and molecules. Using femtosecond laser pulses it has become possible to visualize the breaking and rearrangement of bonds in a molecular system [1, 2] . Different strategies have been proposed and realized to maximize or minimize the probability of a certain reaction channel on the femtosecond time scale [3, 4] . Prominent examples are based on the interference between different pathways to a final channel [5] , the time delay between two laser pulses [6, 7] or the manipulation of the spectral phases and amplitudes of the different frequency components of the pulse [8, 9] .
Recent technological development of few-cycle laser pulses with a controlled carrier-envelope phase and attosecond pulses and pulse trains [10] [11] [12] has paved the way to extend the control from the time scale of nuclear motion to that of the electrons in atoms and molecules. This has been demonstrated by the observation of asymmetries in the photoelectron angular distribution from atoms [13, 14] and molecules [15, 16] as well as in the products of molecular dissociation [17] [18] [19] [20] [21] . The latter studies are of particular interest in view of the application of ultrashort laser pulses to control the products of a chemical reaction as they manifest subfemtosecond control of electron dynamics in a molecular bond. Two control schemes have been proposed recently to drive an electron in a dissociating molecule and localize it purposefully on one of the products of the dissociation. First, a steering of the electron has been achieved via the phase between the envelope and the carrier frequency of a single few-cycle laser pulse. In numerical simulations, an asymmetry in the ejection of the ionic fragments in the dissociation of H + 2 and HD + has been found to depend on the carrier-envelope phase of the pulse [17] . The ansatz has been successfully applied in an experiment on D 2 [18] followed by theoretical analysis of the experimental observations [19, 21] . In a second strategy two time-delayed coherent laser pulses are used to control the localization of the electron during the dissociation of H + 2 and its isotopes [20] . In ab initio numerical simulations it has been shown that the first (sub-)femtosecond ultraviolet pulse excites the electron wave packet on the dissociative 2pσ u state, while the second near-infrared pulse steers the electron between the two dissociating nuclei. A high localization probability of about 85% is found using the two-pulse control scheme.
In order to maximize the extent of electron localization in a molecular bond and to apply the control schemes to other molecules, it is important to understand the quantum dynamics behind the control in the simplest molecules H + 2 and its isotopes. It has been shown in the past that these molecules play an important role in understanding ultrafast phenomena in molecules in general, since they can be studied in experiment as well as in ab initio numerical simulations. The combined experimental and theoretical effort has, e.g., revealed a number of possible channels to dissociation and dissociative ionization in a single laser pulse, such as above threshold dissociation [22] , bond softening [23, 24] , bond hardening [25] , charge-resonant enhanced ionization [26, 27] or above threshold Coulomb explosion [28] . Considering the control of electron localization it has been argued [18, 20] that the rising interatomic barrier between the two dissociating nuclei in H + 2 or one of its isotopes plays an important role. Any (laser-driven) oscillation of the electron between the two nuclei has to cease as soon as this barrier can no longer be overcome by the electron. Thus, it is likely that the control of the electron dynamics in the current proposals is most effective when the dissociating nuclei are at a critical distance R c , at which the interatomic barrier reaches the energy of the dissociative 2pσ ustate.
In this paper, we further analyse the mechanism for coherent control of electron localization during the dissociation of the hydrogen molecular ion. To this end, we have performed a series of numerical simulations using a threedimensional non-Born-Oppenheimer model for H + 2 interacting with intense linearly polarized laser pulses. The model used for the simulations will be presented in the following section. In section 3, we consider the interaction of the molecular ion with laser pulses having a constant amplitude but different number of cycles. The results will confirm the previous expectations that the electron dynamics is most effectively controlled by the electric field as the dissociating nuclei reach the critical distance R c . We will then proceed in section 4 by investigating the electron wave packet dynamics and the extent of electron localization in the two different control schemes proposed up to now. The paper ends with a short summary.
Three-dimensional non-Born-Oppenheimer model of H + 2
A solution of the time-dependent Schrödinger equation of the hydrogen molecular ion interacting with an intense laser pulse would require the propagation of a six-dimensional wavefunction with three degrees of freedom for the electron as well as the nuclei dynamics. This is at the limit of current computer capacities. Therefore, in practice the system is usually studied in models of reduced dimensions, which however retain the essential physics of the problem of interest. We have used for our numerical simulations a three-dimensional model including nuclear vibrations along the internuclear axis and two electronic degrees of freedom [17, 20, 29, 30] . The time-dependent Schrödinger equation of this model is given by (Hartree atomic units, e = m =h = 1 are used):
Here, H 0 is the field-free Hamiltonian
where R is the internuclear distance and µ = m p /2 and µ e = 2m p /(2m p + 1) are the reduced masses, m p is the mass of the proton. The parameters α = 0.0109 and β = 0.1 are introduced to soften the Coulomb interactions. The values are chosen such that the model yields the experimental ground state energy and equilibrium distance of −0.6028 au and 2.0 au of the hydrogen molecular ion, respectively. V (t) takes account of the interaction of the electron with one or two (time-delayed) linearly polarized intense laser pulses:
The electric fields are chosen to be linearly polarized along the internuclear axis and are given by
where ω i is the frequency and E 0,i is the peak amplitude of the ith pulse. In the present simulations we have considered one or two pulses with either a constant amplitude over N cycles of the field or a Gaussian shape,
, where τ is the pulse duration (full width at half-maximum, FWHM). In case two pulses are used t is the time delay between them.
The three-dimensional model accounts for non-BornOppenheimer effects and applies for an interaction of the molecular ion with laser pulses of linear polarization, where the internuclear axis of the molecule is oriented along the polarization axis of the laser. In an experiment with an ensemble of randomly oriented molecules such events can be usually identified from the direction in which the protons are detected. In the model any rotation of the molecule during the interaction with the external pulses is not taken into account, since it is expected that the molecules do not rotate significantly over a few tens of femtoseconds.
The time-dependent Schrödinger equation (1) Absorbing boundaries at the edges of the grid are employed using cos 1/6 -masking functions. We have considered the electronic 1sσ g and vibrational ν = 0 ground state of the model hydrogen molecular ion, which has been obtained by imaginary time propagation. In order to distinguish the two different channels of dissociation, i.e. the electron localization at either one of the two dissociating protons, we have separated the coordinate space such that
where P + and P − are defined as the integrals of the probability density over the respective regions. They account for the probabilities of directional localization of the electron along the positive and negative z-axis, respectively. Contributions absorbed at the edges of the grid during the propagation of the wavefunction are added to the respective channels of dissociation. The wavefunction has been propagated until the probabilities for all reaction channels are converged. A dissociation asymmetry in the electron localization along the positive and negative z-direction has been defined as 
Origin of electron localization asymmetry during dissociation
In order to understand the origin of the asymmetry of electron localization during the laser-driven dissociation of H + 2 we have first performed a set of simulations in which one pulse of constant amplitude interacts with the hydrogen molecular ion. Such pulses with a rectangular shape and a constant intensity provide an accurately defined time interval of interaction with the external field. As will be shown below, it will allow us to distinguish the excitation of the electron wave packet and its control in the dissociating molecular ion. Furthermore, the time interval between the two steps can be determined more accurately as, e.g., in a Gaussian laser pulse, which has tails at lower intensities. In the simulation the frequency and the number of cycles of the pulse are varied. Figure 1 shows the dissociation probabilities as a function of time for different wavelengths between 267 nm (first row) and 800 nm (last row) and 1 (left-hand column) to 3 (right-hand column) number of cycles in the pulse. The origin of the time axis is set at the centre of the respective laser pulse. The red solid and blue dashed lines represent the dissociation probabilities P − and P + , respectively (cf equations (4) and (5) The results in the figure show that the first part of the dissociative wave packet needs about 10 fs to reach the domains defined as dissociation channels in the simulation. Furthermore, the probabilities are found to converge towards the end of the simulations. Most interesting in the present context is that for all three laser frequencies there is no asymmetry in the electron localization found for the shortest pulse durations. However, as the number of cycles in the pulses increases, differences between the probabilities for the two dissociation branches occur and increase with further increase of the pulse duration. The minimum number of cycles needed to achieve an asymmetry in the electron localization changes from 1.5 cycles in the case of a 800 nm driving pulse to 3 cycles for a wavelength of 267 nm.
The results in figure 1 indicate two key points in view of the origin of the asymmetry in the final electron localization. First, the observed asymmetry is not induced by the initial step of dissociation, i.e. the excitation to the dissociative 2pσ u -state. This conclusion can be drawn from the fact that we do observe dissociation but no asymmetry in the two dissociation channels for the shortest pulse durations. Thus, the asymmetry has to occur due to the interaction with the field during the dissociation of the two nuclei. Second, it is likely that the dissociating nuclei have to be separated by a certain critical distance as the asymmetry is induced, since the minimum number of cycles needed to obtain a difference between the electron localization in the two channels varies with the wavelength of the driving pulse. The two points are in agreement with the conclusions of previous studies [18, 20] that a control of the electron dynamics by the field is most effective at internuclear distances at which the interatomic Coulomb barrier reaches the energy of the dissociative 2pσ ustate.
Further insights can be gained from the evolution of the probability density, P (R, t) = | (R, z, ρ; t)| 2 dzρ dρ, as a function of time t and internuclear distance R, as plotted in the lower rows of figures 2 (for pulses at 400 nm) and 3 (for pulses at 800 nm). Note that the probability densities are given on a logarithmic scale with a colour coding in powers of 10. The panels in the different columns show the results of the numerical simulations for interaction with a 1-(left-hand column), 2-(middle column) and 3-cycle pulse (right-hand column), respectively. To guide the eye the electric fields of the corresponding laser pulses as a function of time are plotted in the upper row of each column. In all cases shown, initially, the wave packets are located around R = 2, which is the equilibrium distance for the vibrational ground state of H + 2 . As can be seen from the figure the major part of the probability density remains bound in the vibrational ground state while smaller parts start to propagate to larger internuclear distance, indicating dissociation of the molecular ion. Please note that there are two major dissociation events, caused by the sudden turn-on and turn-off of the rectangular pulse. The sudden change in the electric field acts as an attosecond pulse, which initiates the dissociation. These artificial effects, which are not seen in the results obtained with a realistic Gaussian laser pulse (cf figures 5 and 6), allow us to accurately determine the moments of excitation (and control) of the electron wave packets. We may note parenthetically that somewhat similar effects induced by a rectangular pulse shape have also been noticed in ionization of atoms [31] . Some other small parts of the density remain at constant internuclear distances larger than the equilibrium distance. The latter parts are due to excitation in higher vibrational states of the molecular ion, which are of no relevance in the present context. We now turn to the question at which internuclear distance an asymmetry of the electron localization in the dissociative wave packet can be induced by the field. To this end, we have marked the time at which the corresponding driving field vanishes by dashed lines in each of the columns of figures 2 and 3. As expected, the longer is the pulse duration the larger is the internuclear distance, at which the dissociative wave packet is found at the end of the pulse (indicated by the arrow in each of the panels). Recalling that an asymmetry in the final electron localization has been found for a minimum of 3 and 1.5 cycles of the field at 400 nm and 800 nm, respectively (cf figure 1) , we may infer from the present results a minimum internuclear distance of 4-5 au for the dissociative wave packet to induce the asymmetry effectively. In the present model the interatomic Coulomb barrier reaches the energy of the 2pσ u at an internuclear distance of R c = 6.3 au. Thus, the above results indicate that the electron wave packet is driven by the field towards one nucleus during one half cycle before the interatomic barrier inhibits the free oscillation of the electron wave packet between the nuclei and the wave packet gets localized preferably at one of the two protons.
We have further tested our interpretation by applying a second ultrashort weak laser pulse with a certain time delay to the first pulse. We have considered two cases, in which the initial pulse did not induce an asymmetry in the final electron localization, namely one-and two-cycle pulses at 400 nm (cf figure 1) . We have chosen the parameters of the second pulse such that it does not induce any additional dissociation of the molecular ion (weak constant laser intensity of 3 × 10 12 W cm −2 ) and its application is restricted in time (pulse duration of one cycle at 400 nm). In view of the above results we expect to observe an asymmetry in the electron localization if the second pulse is applied over a certain time window during which the dissociative wave packet is located at internuclear distances of about R c = 6.3 au. The results of our numerical simulations for the asymmetry parameter A are shown in figure 4 , which indeed confirm our expectations. The electron localization can be controlled over a time window between 3 fs and 8 fs, which corresponds to the expected localization of parts of the dissociative wave packet in the region of 6.3 au (cf figure 2, left-hand and middle panels in the lower row).
The results presented above therefore confirm the conclusion of previous studies [18, 20] that the interatomic Coulomb barrier between the protons plays a decisive role for the electron localization during the dissociation of H + 2 (and its isotopes). In this respect a critical internuclear distance R c is given by the point at which the interatomic barrier reaches the energy of the dissociative 2pσ u state. The oscillation and final localization of the electron can be most effectively influenced by an external electric field, which is applied during the time window at which the dissociative wave packet passes R c . In the following section we will compare the two strategies proposed to control the electron localization in view of these conclusions. 
Control of electron localization with one and two laser pulses
The results in the previous sections have been obtained with unrealistic ultrashort laser pulses having a constant intensity. They however provided further insights into the mechanism of electron localization during the dissociation of the hydrogen molecular ion. We now turn to the two control schemes, proposed before in the literature [17, 20] , which are feasible on the basis of the current laser technology.
As already outlined at the outset in the first proposal [17] a control of the asymmetry in the electron localization between the two protons has been achieved via the carrier-envelope phase of a single rather long near-infrared pulse (Gaussian shape with 10 fs FWHM). Considering the results of the previous section the laser pulse is certainly long enough that its tail does steer the electron as the dissociative wave packet reaches the critical internuclear distance. We may expect that the asymmetry in the electron localization disappears if the laser pulse is shortened. To test our expectations we have performed simulations with Gaussian laser pulses at 400 nm central wavelength with pulse durations (FWHM) of 2 (τ = 2.6 fs) and 6 cycles (τ = 7.8 fs), respectively. The peak laser intensity was 5 × 10 14 W cm −2 in both cases. The corresponding results for the probabilities in the two dissociation channels, P − (red solid line) and P + (blue dashed line), are presented in the upper row of figure 5 along with the probability densities P (R, t) in the lower row. As expected, for the shorter pulse the probabilities for electron localization at both nuclei are identical, since the field vanishes too quickly to induce an effective control. We have further found that this result is independent of the carrier-envelope phase of the pulse (not shown). On the other hand, an asymmetry in the electron localization is observed for a pulse length of 6 cycles. Here the pulse is long enough to steer the electron as the nuclei reach the critical internuclear distance leading to an asymmetric localization. It is the strength and the carrierenvelope phase which determines the extent of the asymmetry, as has been found in the previous studies [17, 18] . In case of the longer pulse the probability density P (R, t) shows a rather broad distribution, which is caused by two effects. Since the laser pulse contains a few cycles, several dissociative wave packets are created. On the other hand, dissociation occurs via different pathways and the sub-wave packets overlap during further propagation. It is therefore not very likely that the resulting widely spreaded dissociative wave packet can be controlled to a high degree as it passes the critical internuclear distance.
To obtain a high degree of control of the electron localization, it is therefore desirable to confine the dissociative wave packet as much as possible. This is achieved in the twopulse control scheme proposed recently [20] . In that case a first attosecond laser pulse is used to excite an electron wave packet via a one-photon transition on the dissociative 2pσ u state. As can be seen from the results in figure 6 this ultrashort pulse (106 nm, 10 13 W cm−2, τ = 0.7 fs) does not induce any asymmetry in the final electron localization but a rather well-confined wave packet in the dissociation channel. This allows to control the asymmetry in the electron localization with a second time-delayed laser pulse to a high degree. It is demonstrated by the results for the asymmetry parameter A as a function of time delay between the two pulse presented in figure 7 . The results are obtained with a second nearinfrared laser pulse at 800 nm, 5 × 10 12 W cm −2 and τ = 5.2 fs. It has been shown [20] that in this control scheme the electron localization is sensitive to the time delay and the carrier-envelope phase of the second laser pulse. An effective control is achieved for time delays between 2 fs and 8 fs with a maximum asymmetry of 84% in the P − channel at t = 5.3 fs.
Conclusions
We have analysed the origin of an asymmetry in the electron localization during the laser-induced dissociation of H + 2 . Results of numerical simulations have shown that the asymmetry is not induced during the excitation to the dissociative state but during the dissociation of the molecular ion to larger internuclear distances. It has been found that a control of the electron dynamics between the two protons is most effective, if an external field is applied when the protons reach a critical internuclear distance. This distance is determined by the point at which the interatomic Coulomb barrier reaches the energy of the dissociative state. A comparison of two control strategies, namely via the carrierenvelope phase of a single laser pulse and via two time-delayed pulses, has revealed that the latter is more effective due to the stronger confinement of the dissociative wave packet at the critical internuclear distance.
